This study presents a free vibration analysis of a laminated composite beam, based on the Euler-Bernoulli beam theory. A numerical model of the laminated composite beam was obtained for various boundary conditions based on different length-to-thickness ratios for a number of layers, using the finite element method. A planar beam bending element with two nodes, each having two degrees of freedom, was chosen according to Euler-Bernoulli beam theory. The natural frequencies of the laminated composite beam were obtained for each case, and presented in such a way as to display the effect of these changes on the natural frequencies. Eight natural frequencies of clamped-free, clamped-clamped (CC) and simple-simple (SS) composite beams were first obtained for different length-to-thickness ratios (L x /h), numbers of layers, layer angles and for their different positions. It can be seen that natural frequencies decrease for all modes with increasing length-to-thickness ratio in all cases.
INTRODUCTION
The use of composites as engineering materials has increased greatly in recent years. They took the place of other engineering materials due to their strength, light weight, resistance to corrosion and wear, and other superior properties. These physical properties thus need to be known in order to be analyzed and structurally designed. A variety of composite materials have been investigated in the literature, and in this study, laminated composite materials have been chosen for research. Having a high strength/weight ratio, these materials are produced through a range of plys, which have orthotropic features, one on top of another, with different angles and forms. Their mechanical properties are thus related to their forms and angles. For this reason, it is possible to make produce the desired properties for different loading conditions. On the other hand, the analyses of these materials is more complicated than that of isotropic materials because of their anisotropic structures. It is necessary to analyze the free vibration behaviors of the laminated composite materials used in various engineering fields. Many researchers have tackled the vibration problem of laminated composites. For instance Thambiratnam and Zhuge (1996) implemented a finite element model to undertake a free vibration analysis of isotropic beams with uniform cross sections on an elastic foundation using Euler-Bernoulli beam theory. Huang, Shih, and Kim (2009) attempted to use an inverse vibration method to solve the forced vibration problem raised in cutting tools that were modeled as Euler-Bernoulli beams. In numerical solutions, the conjugate gradient method was utilized, and simulation results for the beam displacements were used to estimate external forces on the cutting tool. Della and Shu (2005) analytically solved the free vibration problem of composite beams with two overlapping delaminations. In their study, various boundary conditions were investigated, natural frequencies and mode shapes were obtained, and they compared their results with experimental findings. Miller and Adams (1975) investigated the effects of shear deformation on the free vibration of an orthotropic cantilever beam, studying the free vibration analysis of orthotropic clamped free beams, using the EulerBernoulli beam theory without including the effect of shear deformation. Free vibration analysis of a cross-ply laminated composite beam on Pasternak foundation was investigated. Natural frequencies of beams on Pasternak foundations were computed using the finite element method on the basis of Timoshenko beam theory by JafariTalookolaei and Ahmadian (2007) . The effects of delamination length and orientation angle on the natural frequency of symmetric composite beams were investigated analytically and numerically. The analytical method was developed using the Timoshenko beam theory by (Çallioğlu & Atlihan, 2011) . In this paper, the effect of changes in boundary conditions and ply angles on the natural frequencies of layered composite beams were investigated, based on length-to-thickness ratios. The finite element method was used for the analysis with the Euler-Bernoulli beam assumption. A MATLAB program was developed to solve the problem. The first eight frequencies were computed and presented both in tabular form and as graphics.
CLASSICAL LAMINA BEAM THEORY (CLBT)
Euler-Bernoulli beam theory, also known as the Classical Lamina Beam Theory (CLBT), neglects the transverse shear deformation and normal strain effects (Özutok & Madenci, 2013) . The geometry of the composite laminated beam is shown in Figure 1 . Figure 2 shows the coordinates and geometry of laminated composite beam. The relationship between the strain ε and the axial displacement u is given by: (Petyt, 1990) du dx
The relationship between the axial displacement u and the rotation of the cross-section ϴ is obtained as: (Petyt, 1990) 
The relationship between the deflection of beam w and the rotation of the cross-section ϴ can be written as dw dx
from the Euler-Bernoulli beam theory (Wang et al., 2000) . If the Eq. (3) and (2) 
can be obtained (Wang et al., 2000) . The curvature of the beam from Eq. (4) can be written as: (Petyt, 1990) 2 2 dw dx Figure 3 presents the geometry of laminated composite beam. The stress-strain relationship for a laminated composite Euler-Bernoulli beam is given by Hooke's law as: (Wang et al., 2000) 
MATHEMATICAL MODEL OF LAMINATED COMPOSITE BEAM
where [D] is a bending stiffness matrix, and σ represents the stress. The material was assumed to be linear orthotropic. 
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Q represents the reduced elastic constants matrix for the i th layer, which is given in Eq.
(Manning) as: (Reddy, 2004) Figure 4 . The x, y, z laminate coordinate system, the x 1 , x 2 , x 3 ply coordinate system, and the ply angle (Kollár & Springer, 2003) 
where   T is the transformation matrices for stress and strain, respectively.
Where the elements in the stiffness matrix, Q   matrix is
The stiffness matrices of the laminate are defined as: (Kollár & Springer, 2003) 
The geometric and physical properties of the laminated composite beam used in MATLAB are provided in Table 1 . Table 1 . Geometric and physical properties of laminated composite beam (Balci, 2011) .
FINITE ELEMENT MODEL
A planar beam bending element with two nodes, each having two-degree-of-freedom, was chosen, obeying Euler-Bernoulli beam theory. The beam element, with the same degree of freedom as beam deflection w and the rotation of the cross-section ϴ, is depicted in Figure 5 . Figure 5 . Plane beam bending element (Balci, 2011) The potential energy for a laminated composite beam element in bending vibration is given as: (Lee, 1988) .
The kinetic energy of a laminated composite beam element in bending vibration is: (Lee, 1988) .
If the potential and kinetic energy expressions are substituted in the Hamilton principle: (Petyt, 1990) 
is obtained [24] , where the expression B is the strain-displacement matrix. If the stiffness matrix for the bending laminated composite beam element is: (Lee, 1988) .
The mass matrix for the bending laminated composite beam element is (Lee, 1988) . 
DEVELOPMENT OF SHAPE FUNCTION
The plain beam element shown in Figure 5 has two nodes with two degrees of freedom, and thus it has four degrees of freedom in total. To determine shape function, a cubic polynomial with four terms for each degree of freedom has been chosen as the displacement shape function from the Pascal triangle shown in Figure 6 . (Bhavikatti, 2005) If the displacement polynomial given in Eq. (24) is substituted into Eq. (18) in a matrix form and expanded for each node: (Abreu, Riberio, & Steffen, 2004) ,
is obtained. X in Eq. (27) represents the expanded displacement matrix of dimension 4x4. Then, Eq. (27) is solved for the coefficient vector:
If Eq. (28) is substituted in Eq. (25), one may obtain:
If Eq. (29) is substituted in Eq. (28) and reorganized, the shape function is developed in the form below:
DYNAMICS ANALYSIS
The equation of motion for the beam undergoing undamped free vibration was given in Eq. (16). The equation of motion for the global system is
for which a harmonic solution can be proposed in the following form:
If Eq. (32) is substituted into Eq. (31)
is obtained. If Eq. (33) is further reorganized, it takes the following eigenvalue problem of the form
where 2   are eigenvalues representing vibration frequencies while  are eigenvectors representing vibration modes (Balci, 2011) .
RESULTS AND DISCUSSION
A numerical model for the laminated composite beam problem was constructed in MATLAB with clamped-free (Chirn & McFarlane, 2000) , clamped-clamped (CC), and simple-simple supported (SS) boundary conditions. Laminated composite beams with four layers having [0/90/90/0] and [-45 45 45 -45 ] also two layers having [-45 45] and six layers having [0 -45 45 45 -45 0] orientation angles were used for natural frequency analysis. As shown in Table 2 and Figure 7 , it is understood that when length-tothickness ratio increases, natural frequency decreases. That result is the same for all modes analyzed in this study. When the layer angles changed from 45 degree to 90, it was observed that the natural frequency increases, as can be seen in Figure 9 . The simulation results obtained for the CF laminated composite beam with four layers [-45/45/ 45/ -45] are shown in Table 3 and Figure 8 . The number of layers were compared and it was observed that natural frequencies for first mode increased with the number of layers increasing, as seen in in Figure10. solved in MATLAB to analyze the free vibration of the beam. The first eight natural frequencies of clamped-free, clamped-clamped and simple-simple composite beams were obtained for different length-to-thickness ratios (L x /h), numbers of layers, layer angles and for their different positions. It can be seen that natural frequencies for all modes decrease with an increase in length-to-thickness ratio for all cases. It was observed that natural frequency increases when the boundary condition of the beam changed from respectively clamped-free, simple-simple and clamped-clamped. The natural frequencies for the first mode also increased with the increasing number of layer. In future work the mode shapes will be estimated in graphical form for laminated composite beams with different boundaries and number of layers.
